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Stochastic quantization is based on a relation between stationary solutions to SDEs
and Gibbs measures.

Consider the SDE

0p(1) + 0V ((1) = V2 §(t)
where @(t)eR", V:R"- R is a positive smooth function growing fast enough at infinity
and &(t) is a white noise in time t.

It can be easily proven using the Fokker-Planck equation that the invariant solution
to the previous SDE is such that

_exp(=V(n))dn
7 :

¢(t)



In the '80, a similar phenomenon was discovered by physicists for invariant solutions
to elliptic SPDEs with additive noise.

Purely probabilistic statement: the invariant solution of the following elliptic SPDE
(-Ac+m?)e(x) +0V(p(x))=§(x),  xeR’

where xeR? @:R*->R" and V:R"- R is a non-negative smooth function bounded
from below, should satisfy

mZ

@(x)~ éexp [—47‘( ( ;r]lz + V(r]))]dr].




The statement is a particular case of a more general phenomenon, which connects
to the topic of stochastic quantisation of Euclidean QFT.

The SPDE

(-Ax— A +m)@(x,2) + OV (9(x,2)) =&(x,2),  xeR*zeR

where xeR?, ¢:R™>5 R and V is a non-negative smooth function bounded from
below, should satisfy

P(x,-) ~ éexp [—4 T (fRdg |V (z) | 2+ m72|c|>(z)|2 + V(cp(z))dz)] D .

where on the r.h.s. ¢:RY5R.

This is called elliptic stochastic quantisation.



Initially perturbative computations via Feynman diagrams, in the context of some
field theoretic approximation of the random field Ising model.

Then Parisi and Sourlas gave a non-perturbative “proof” via a supersymmetric
approach (susy).

Dimensional reduction: a supersymmetric euclidean QFT of bosons and fermions
in in d+2 dimensions is equivalent to a bosonic theory in d dimensions.

In this original formulation has been subject of study of multiple papers in the
physics and mathematics literature.

The form involving elliptic SPDEs treated here was proposed as an alternative to the
more famous parabolic stochastic quantization and as such it was described mainly
from an heuristic point view.

A partial rigorous discussion of this topic was given in a paper by A. Klein, L. J.
Landau, and J. F. Perez in the '80.
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In the first part of the talk we propose a proof of the previous conjecture, for a
special class of potentials V, which closely follows the original idea of Parisi and
Sourlas stressing the role of supersymmetry.

In the second part we give an overview of the extensions obtained for more general
potentials.

Join work with S. Albeverio and F. C. De Vecchi:

« S. Albeverio, F. C. De Vecchi and M. G. Elliptic stochastic quantization. Annals
of Probability 48(4):1693-1741, 2020.

« —. The elliptic stochastic quantization of some two dimensional Euclidean QFTs.
arXiv:1906.11187, 2019 (to appear in Ann. |.H.P. PS).

« F. C. De Vecchiand M. G. A Note on Supersymmetry and Stochastic Differential
Equations. 2019.



main theorem (special case)

Let V be a smooth bounded function with -10?VI+m?*>e€.

Consider the SPDE

(A+m*)p(x)+ f(x)OV(p(x))=&(x),  xeR?

where f:R’- R, is a smooth, radial, cutoff function depending decaying exponen-
tially at infinity with f(o)=1. Then, for any h: R"-> R,

B (o) Y@= [ g exp [-ar( "2 +v) | an

where

Yi(p)=exp [fR fx) V(p(x)) dXI, L =E[Yi(@)].



transformation in abstract Wiener space

The first step in the proof is to rewrite the expectation of the solution to the elliptic
equation as an integral with respect to a Gaussian measure.

For this reason we introduce the map U: %" - %" (where %" is a suitable Banach
space) of the form

U($)=T (foV(P)
with 7 =(-A+m?™. Let
T($)=¢+U(P)
and rewrite the equation as

T(p)=75s.



This means that if v is the law of ¢ we have

Tiv=p

where p is the (Gaussian) law of 7&. Note that 7§ is a massive Gaussian free field in
R2.

When V is a convex and bounded and f is a smooth non-negative function decaying
exponentially to o at infinity we have:

o U(dp)e T (L(R?)
« U is differentiable and VU($p) =7 (f 9*V(d))
« VU(¢) is Hilbert-Schmidt on 7 (L*(IR?))

« T isinvertible



We can apply the theory of general shifts in abstract Wiener spaces and prove that
v is absolutely continuous with respect to p and

dv(¢)=det,(I+VU($)) exp | -8(U) —%H Ul e | di(@)-

[see e.g. A.S. Ustiinel, Analysis on Wiener Space and Applications. ArXiv:1003.1649, 2010.]

This implies that

%y In:=E (@) Y(@)] = [ h(e(0)Y/()dv(9)

= h($(0) Yi(¢)det,(I+VU($)) exp -8(U) —%IIUH%J(LZ(RZ»] dp(¢p).
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Formally the superspace & is the set of points (x,0,8) where xeR? and 0,8 are two
additional anticommuting coordinates. It is denoted R?”.

Two bosonic and two fermionic coordinates. It is a non-commutative space.

A more concrete construction is to understand & via the algebra of smooth func-
tions F:&-C on it.

Let ©(0,0) be the Grassmann algebra generated by symbols 8,0, with the relations

00=-00, 02=0%=o0,
Then ®(0,0)=span(1,0,6,00) and a smooth function F:R?>- &(8,0) is just a quadruplet

(f@) fea fé, feé)e(cw(Rz))4
with the identification

F(x) = fo(x) + fo(x) 0+ f5(x)0 + fop(x) 8O.



The function F can be considered as a function F:& - R on the superspace & by
formally writing

F(x,0,0):=F(x) = fo(x) + fo(x) 0+ fa(x)0+ fea(x) 0.
We can introduce a linear functional defined as

F- [F(x,0,0)dxd0d0:=- [ fos(x)dx,

induced by the standard Berezin integral ac G- [adf8dfcC on & satisfying

f 1d0d0 = f 0dedo - j 8d8do-o, j 00d0d6=-1.



Given reC'(R; R) we define the composition reF:G-R by

r(F(x,0,0)) := r(fo(x) +7'(fo(x)) fo(x) 0 +7'(fo(x)) folx) 0 +7'(fo(x)) foa(x) 06,

in accordance with the same expression one would get if » were a polynomial.

Moreover we can define similarly the space of Schwartz superfunctions .#(&) and
the Schwartz superdistributions T<.#'(&) where T can be written

T=Ty+To0+T50+To500
with Ty, Ty, Tg, Teac #'(R?) and duality pairing

T(f)=-To(fen) + To(fo) - To(fo) - Toa(f2),  fo fo, for fone F(R?).
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The superspace formalism allow to rewrite the integral 7, in a surprising form.

Step 1. We introduce an approximation J;; of 3, having the following expression

X’le‘ _fh c|>(o)) det(Ig+V UX)exp( d-U ——||Ux“9X(L2)+4fV(¢ (x)) f'(x) dx) dpX(¢)

Step 3 Step 2

where U,=® 7X(0V(d)), TX=(-A+m*»™X, uXis the law of 7X€ and azﬁ is a constant.

Step 2. We introduce an auxiliary Gaussian field n distributed as the Gaussian noise
FXE with law pX, and independent with respect to ¢. We can then write

exp|-Z [7x(FoVi@N[L,|= [exp[-ia(fovien T xn) | wx(an.



Step 3. We also introduce two free fermion fields y,{ realized as bounded opera-
tors on a suitable Hilbert space H,, j with a state (-}, ; for which

(PEDE)) o= (0EIV)) =0, (OBEK)) =@ Gray(x=xP),

where ,,,,(1x?) is the Green function of the operator (-A+m?)™*X. From which we
have

det(Igp+a fPV(P)T¥)= <eXp | 960 £ *V(@0)Np(x) dx | >¢,q_).

We take the generators 6,0 to anticommute with the the fermion fields y, .

Step 4. We introduce the complex Gaussian field w:=-® ((m*-A) ¢p+i T*n) so that

[f0v@E)@@dx=-5:@TX0V(eN) -ia( foVie),7¥n)]



We put all our fields together in a single object defining the superfield ®:
D(x,0,0):=Pp(x) +Px) O +P(x) 8+ w(x) 0,

A non-commutative random field, define on a non-commutative space.

%}(3%: < <_fh((1)(X))(6680(x))dxd@dé)exp[—fV(d)(X))]E (1X1]?) dX]>X

where X=(x,0,0), dX=dxd0d®, | X|>=IxI>+408.
V(D(X))=V($p(x)) + OV ((x))(P(x) 0 +P(x) 0 + w(x) 86) - 0>V (h(x)p(x) P(x)0 0

JV@COF (1X17dX= [ 4V @0 S 0+ () 32V PONPE) $x) +dV(PL)x) ) dx

det ‘5°Ux‘EWU kg
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A supergroup: we introduce the linear transformations t(b,5): 6 > &

(x x+2b0p+2b0p i
t(b,b)| O |= 0-(x-b)p € ®(0,0,p)
(_)+(x-E)p

D1

for b,be R? and where p is a new odd variable anticommuting with 6,0 and we have
t(th,tb)t(sb,sb)=T((t+s)b, (t +5)b).

We say that F is supersymmetric if it is invariant with respect to rotations in R* and
transformation of the form t(b,b), i.e. if

E(X)=F(t(b,b)X)

Supersymmetric distributions are defined by duality.



For supersymmetric functions and distribution the following fundamental theorem
holds:

Theorem. Let Fe #(S) be a smooth supersymmetric function then we have that
there exists a function f:R,- R such that

F(x,0,0)=f (1xI>+400).

Suppose furthermore that T< .#'(S) is supersymmetric and such that T, is a contin-
uous function, then we have the reduction formula

j T(x,0,0)-F(x,0,08) dxd8dd = 47 T,,(0) F»(0).
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By direct verification computation we have that

(D(x,0,0) D(x',0,0'))=Cap(x-x',0-0,0-0)
where

Co(%,0,0) 1= G, 5y (IX1) —® G0y (X)) 00=F,.,, (Ix17+460)  [!]

where @,.,,(1x”) is the Green function of the operator (-A+m?)™>7X,

Striking fact: The field ®(x,0,0) is supersymmetric “in law”.

For non-commutative r.v. the concept of law is not well defined, but we can show
that expectations of supersymmetric functionals of ®(x,0,0) are supersymmetric.
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Theorem. Let V,,V,,...,V, be smooth functions such that they and their derivatives
grow at most polynomially, and let F,,..., F,c ¥ be supersymmetric functions then

( 1_[ [fVi(cD(x, 6,0))F'(x,0,0) dxdedé] )X: <]‘[ [470f2(0) Vi($(0))] > :
i=1 §

i=I
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Using the previous theorem, it is simple to prove, by that if V is bounded with
bounded first and second derivatives we have

Z19) = <(- [ @, 6,8 (895, (x) o)
<5 [_ [V(@(x,0,8)F (1x2+468) dxdedél )X

- < [ h(¢(o))e-4ﬂV(¢<°>>>

X

- fRnh(r]) exp [—41r (@ m* 2N 24 V(n))] dn/%
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There are two main problems in extending the previous results to more general
potentials:

« when V is not convex the elliptic SPDE admits multiple solutions and so there is
no clear relation between its solutions and the integral

[ (@) Y Audy,

« even if we focus only on this integral, we cannot extend the proof involving the
supersymmetry since

Ayx— Ay

in I’ when V is a general smooth function.



The first step in the extension of dimensional reduction consists in proving some
results for the integral

[ h(&O) Y Audy
Theorem 1. (Klein, Landau, Perez) Let V be an even polynomial convex at infinity
then
Aylel?
and

Z7 [ W) Yi(@) deto(I+V(U)@))exp [ -8(U) Ul sy | dpi)

~ fRnh(q) exp [—411 (%mﬂnl%V(n))] dn/%



Hypothesis V4. We have the decomposition

V=Va+AVi,  Vu@)=)> ) y=@....yNeR",

with A>0 and V3 a bounded function with all bounded derivatives on R”".

Theorem 2. If V satisfies hypothesis V4 then AycI? and

[ h@O) @) Au(@) dp(@)=L [ hpexp[-am (i Vi) dn
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The second step consists in extending the relation between the solutions to the
elliptic SPDE and the integral [h(¢(0)) Yy Aydp when the potential is non-convex.

Definition 3. The measure v of ¢ is a weak solution to the elliptic SPDE if

Tyv=p
where T(w)=w+7 (f oV(w)), p is the law of 7§ and 7 =(-A+m?)™.

When V is non-convex, pathwise uniqueness is not clear, and there might be mul-
tiple weak solutions.



However, if V satisfies hypothesis V4 it is possible to give a characterization of the
generic weak solution.

Theorem 4. The measure v is a weak solution to the elliptic SPDE if and only if

dV I 2
d_p:AlAUl = Aldet,(I+VU)lexp (—S(U)—EH U||37(L2)>’

where A is any non-negative measurable function such that

) A)=T
¢'eT(P)

for p-almost pecW".

(via the general theory of Ustunel-Zakai)



Lemma 5. If V satisfies hypothesis V, there exists at least a weak solution v, such
that

h((l)(O))%f((l))dvo(CP):& Jh(n)exp(-4m “mPmiP+ V() ) dn
w % JR 2

Idea of the proof. We identify the measure v, with the positive functional
L(9)= [ 9() dvo()

defined on the Banach space Cj(%") of continuous bounded functions on %".



The measure v, satisfies the thesis of the theorem if and only if

L@T) = [ (@) dve@)

98 I 5,
L (h(¢(0))Yy) = gf fRnh(y)eXp(—m'c(;m mP+V() ) dn.
It is possible to prove, using the previous theorem on
[ (@) Yy Audy,

that the two previous conditions on L are compatible.

Thus the thesis follows exploting the fact that AyeI” and using the extension the-
orem for positive functionals on Riesz spaces.
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The main idea of the third step consists in exploiting the properties of the elliptic
SPDE.

We introduce the following hypothesis on V.

Hypothesis QC. The potential V:R"> R is a positive smooth function, such that it
and its first and second partial derivatives grow at most exponentially at infinity and
such that there exists a function H: R"- R with exponential growth at infinity such
that we have

—(,0V (y+rin)) <H(y), neS"yeR" and reR,,

with $" " is the n—1 dimensional sphere.



The following families of functions satisfy Hypothesis QC:
« Smooth convex functions,
« Smooth bounded functions,

« Smooth functions having the second derivative semidefinite
positive outside a compact set,

« Any positive linear combinations of the previous functions.



Applying the maximum principle to the random equation
(-A+m?) ¢+ foV(T E+P)=0,

where ¢=¢-7 &, and using hypothesis QC on the potential V we obtain the apriori
PDE bound:

|¢]<<|H (T E) f|...

It is important to note that the previous inequality depends on V only through the
function H. The idea is to approximate the potential V with a sequence of potentials
(V.

It is possible to prove the existence of a sequence of potentials V; converging, uni-
formly on compact sets of R”, to V and satisfying hypothesis V4 and hypothesis QC
with the same function H.



These facts imply that:
« the sequence T; converges to T uniformly on compact sets of %",
« any sequence of measures v; such that T; . (v)=p is tight,
« any weak limit v of a subsequence v; is such that Ty (v)=p.

IWe consider the weak limit v, of a sequence of weak solutions v;,, satisfying the
dimensional reduction theorem, then v, will satisfy the dimensional reduction the-

orem.

Theorem 6. Suppose that V satisfies the hypothesis QC and f satisfies the hypoth-
esis CO, then there exists at least a weak solution v, such that

Ey, [h9(0) V@) == [ htmexp[-am(Lmimr+viy) | dn



cutoff removal 3700

[]

The main difficulty in this operation is to prove the convergence Z;'Y;(¢)-1.

Indeed this factor does not actually converge and what we can reliably expect is
that

lfif? %y E[Yf(¢p) | o(gf(0))] > L.

Theorem. Suppose that 0°V+m>>e let ¢ be the solution to the elliptic equation
with f=1. Then for any xe R*> and any measurable and bounded function h defined
on R" we have

Elh(@0)]=2" [ h(pexp(-4n (%mﬂmuvm))) dn.




The idea of the prove is to consider the equation
(=A+m*)@y(x) +1 OVr(pi(x)) = &(x),
when V7 is a trigonometric polynomial and te R such that
to*Vr+m?>o.
Under this hypothesis, and the condition that h is a polynomial, it is possible to

prove that ¢,(x) is real analytic with respect to t and so $(t)=E[h(¢p;(0))] is real analytic
with respect to t.

Then we are able to prove that

ok $(0) :af{gz;,_rl [ ha|-4m (gmwutVT(r,))] dn}

Since it is possible to approximate any potential satisfying hypothesis QC and such
that 0’V +m?> e with potentials V7 of the previous form the theorem is proved.
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We use the previous results to proe a version of dimensional reduction for elliptic
SPDEs in dimension d+2 for d>o.

In particular we consider the equation
(A=A +m?)p+a = (f(x) g(z) 0 V(@) =ac = (§(x,2))

where (x,2)e R2xRY, a:R?> R is a mollifier, g is a smooth function with compact
support on R? and £ is a d+2 dimensional white noise.



It is possible to prove that there exists at last a weak solution v, to the previous
equation such that

dv, ~"exp [—471 (Ke(cb) t fRdg Vi) dz)l D"

exp [ [0 f @) 9@ 9lx,2) dxdz
¢(0,)

where % ¢ is a formal Lebesgue measure on the space of functions ¢:R?- R and

K@= [ (14 ApP+m*¢?) dz,

where A (h)=a.*h.

For d=1itis possible to take the limit a. >, since (-A+m?) ™€ is a continuous function.



For d>2 the equation becomes singular when e- o0, and we need renormalization for
defining the composition of ¢ with the function V.

In the case d=2 and V=exp(ax) (for lal<4m) the renormalization leaves V convex.

Then we show that the solution to the singular elliptic SPDE

(-Ax-A,+m*)@+a:e™?:=¢,

where :exp (a@):="exp (aq)— ey ) ", has the law

2

@(x,z)~" exp[—41t(Ko(c|)) + .[Rd: exp (a P(z)): dz)] D"
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« IR cut-off removal in the non-convex case;
« Invariance with respect to translations and uniqueness in non-convex case;

« Possible extensions of dimensional reduction to elliptic SPDEs with multiplica-
tive noise;

« Probabilistic proof of dimensional reduction, explaining the role of supersym-
metry.
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